Abstract. We give a bound on the a-numbers of the Jacobian varieties of Kummer covers of the projective line in terms of their ramification data and the characteristic of the base field.
Introduction
Let k be an algebraically closed field of characteristic p > 0, and, for an integer g ≥ 1, let A g,1 denote the moduli stack of principally polarized abelian varieties of dimension g defined over k. Space A g,1 can be stratified according to the invariants of the kernel of multiplication by p map of the abelian varieties, considered as a group scheme, such as p-rank, Newton polygon, and Ekedahl-Oort type. These stratifications can then be induced onto any subfamily of abelian varieties. For example, the points of the moduli space M g of smooth projective curves of genus g defined over k can be considered as a locus in A g,1 via the Torelli morphism and thereby M g can be stratified by invariants of the p-torsion of the Jacobian varieties of such curves.
One of such invariants is the a-number a X of an abelian variety X, defined as
where α p is the kernel of the Frobenius endomorphism on the group scheme G a (α p ∼ = Spec(k[x]/x p ) as a scheme), and the group scheme X[p] is the kernel of multiplication by p on X. When X = J(C), the Jacobian variety of a curve C, we write a C instead of a J(C) and refer to it as the a-number of C.
The a-number plays the following role in the Ekedahl-Oort stratification of A g,1 , which is known [10] to be the stratification by the isomorphism classes of the ptorsion. For an abelian variety X of dimension g there exists [9] of the kernel of the action of Verschiebung on H 0 (X, Ω 1 X ) and therefore ν X,g = g X − a X .
Of a particular interest are abelian varieties X for which g X = a X or, equivalently, whose Ekedahl-Oort final type is [0, . . . , 0]. These are precisely [8, 1.6 ] the abelian varieties that are isomorphic to a self-product of a supersingular elliptic curve, and are known as the superspecial abelian varieties.
For an integer 0 ≤ a ≤ g, let us write T g,a for the locus in A g,1 of points corresponding to abelian varieties X with a X ≥ a or, equivalently, ν X,g ≤ g − a in the final type of X. For example, T g,g is the locus of superspecial abelian varieties. A result of Re [11] states that if
then M g ∩T g,a is empty. Let H g denote the locus in A g,1 of points corresponding to Jacobian varieties of hyperelliptic curves of genus g defined over k. Re also proves that if
In this paper, we reexamine these results for the subloci of A g,1 corresponding to Jacobian varieties of Kummer covers of the projective line P 1 k and, in particular, obtain improved bounds for such curves, including the hyperelliptic curves. We make extensive use of the fact [9] that for a smooth projective curve C the action of Verschiebung on
coincides with the action of the Cartier operator [4] 
k be a smooth branched cyclic cover of order n relatively prime to p. Denote by α 1 , . . . , α r ∈ P 1 k (k) the branch points of π. Then C is the projectivization of an affine curve given by equation
for some integers 0 < n j < n. If α j = ∞ for some 1 ≤ j ≤ r, then there is a unique choice of 0 < n j < n so that r j=1 n j ≡ 0 (mod n).
If π is not ramified over infinity, this congruence is automatically satisfied. If C is connected, which we assume to be the case throughout this paper, then the greatest common divisor (n, n 1 , . . . , n r ) = 1. The integers n 1 , . . . , n r are well-defined up to a permutation and simultaneous multiplication by a unit in Z/nZ. The tuple n = (n; n 1 , . . . , n r ) is referred to [2, 3] as the (ramification) type of π, or of C. The genus g C of C is given [7, (4) ] by the formula
(n, n j ) + 1.
Given a valid ramification type n, we write H P 1 k ,n for the locus in A g,1 of points corresponding to the Jacobian varieties of smooth cyclic covers of P 1 k of type n, where g is the genus of curves of type n. For example, H P 1 k ,n = H g for n := (2; 1, . . . , 1
2g + 2 times
).
Fix a primitive nth root of unity ζ ∈ k. Then there exists a generator δ of Gal(C/P 1 k ) acting on the closed points of C by (x, y) → (x, ζ −1 y). By functoriality, δ induces an automorphism δ * of the vector space H 0 (C, Ω 1 C ), and
where
of these spaces are given by
In particular, d 0 = 0. Here, ⌈·⌉ denotes the ceiling function, ⌊·⌋ denotes the floor function, and · is the fractional part. For example, m/n n is the reduction of m modulo n. Finally, the Cartier operator satisfies C (ζ pi ω) = ζ i C (ω), and therefore
for all 1 ≤ i < n. Since (p, n) = 1, the function i → pi/n n is a permutation on the set {1, . . . , n − 1}, and we denote its inverse by σ. In other words,
Our main result is
k be a Kummer cover of type (n; n 1 , . . . , n r ) defined over an algebraically closed field of characteristic p > 0. Define d i and σ(i) as above. Then
As a particular case, we almost double Re's bound for hyperelliptic curves, for which
In addition, we obtain the following result.
For n < (p + 1)/2 this bound is an improvement over the bound g ≤ p(p − 1)/2 in [5] . Even though the latter result is sharp for smooth curves in general, examples of sharpness come from certain Fermat curves that fall outside the class of curves we consider.
We also prove that the a-number of a Kummer curve in characteristic 2 depends only on the ramification type of the curve, and not on the location of the branch points. Corollary 1.4. Let k be an algebraically closed field of characteristic p = 2, and C be a Kummer cover of P 1 k of ramification type (n; n 1 , . . . , n r ) defined over k. Then
This article is structured as follows. Section 2 contains a review of the structure of the space H 0 (C, Ω The author would like to thank Dr. Rachel Pries for her guidance and insightful discussions on the subject of this work, and the referee for helpful suggestions and further inspiration.
Regular differential forms
First, we examine the action of the group µ n (k) of nth roots of unity in k on
The entire contents of this section can be found in [3] and [7] , but for clarity we restate them here without proofs.
Let π : C → P 1 k be a connected branched cyclic cover of order n (not necessarily prime) that is relatively prime to the characteristic p of an algebraically closed field of definition k of C. Let B ⊂ P 1 k (k) be the branching locus of the map π. It is a well-known fact of the Kummer theory that C has an affine model given by an equation y n = f (x), where f ∈ k(x). After a change of variables, we may assume, without loss of generality, that f ∈ k[x] and
The converse is also true. Therefore, if ∞ ∈ B, we can find a unique integer 1 ≤ n ∞ < n such that congruence (2.1) is satisfied. The tuple (n; n α | α ∈ B) is the ramification type of C. For convenience, we set n α = 0 for α / ∈ B and denote deg(f ) = α∈B−{∞} n α by N . Note that from congruence (2.1) it follows that (n, n ∞ ) = (n, N ).
By examining the divisor of α∈k (x − α) jα dx/y i for 0 ≤ i < n and a choice of j α ∈ Z for α ∈ k with only finitely many j α = 0 it can be seen that this differential form lies in H 0 (C, Ω 1 C ) if and only if j α satisfy (j α + 1)n > in α for all α ∈ k, and (2.2)
If we define j min,α,i := ⌊in α /n⌋ , then condition (2.2) becomes j ≥ j min,α,i . Note that j min,α,i ≥ 0, and that j min,α,i = 0 whenever n α = 0 (i.e., α / ∈ B). Therefore it is possible to define polynomials
for each 0 ≤ i < n. We have deg(h min,i ) = α∈k j min,α,i . Condition (2.3) can be rewritten as α∈k j α ≤ j max,i , where
We conclude that h(x)h min,i (x)dx/y i ∈ H 0 (C, Ω 
If we define subspaces
By a counting argument, it can be shown that
and so D i are precisely the eigenspaces defined in Section 1, with D 0 = {0}. Differential forms
Cartier Operator
In [4] , Cartier defines an operator C on the sheaf Ω 1 C satisfying the following properties This operator induces a p −1 -linear map
Define integer-valued functions ǫ and σ on {1, . . . , n − 1} as follows.
( 
Since the a-number is an isomorphism invariant, we may assume, without loss of generality, that π is not branched over ∞, and therefore n divides N . Further, we make that assumption.
We will require the following result.
all of whose zeros have orders less than p.
Obviously, 0 ≤ ord α (h rnk,i ) ≤ p − 1, as claimed. Notice that if n α = 0, then ord α (h rnk,i ) = 0. In other words, polynomial h rnk,i has a zero at α ∈ k only if α ∈ B − {∞}. Finally, we know that d i = j max,i − deg(h min,i ) + 1, and therefore,
2)
Proof. Indeed, a common root of f i,0 , . . . , f i,p−1 would be a root of h rnk,i (x) of order no less than p, contradicting Lemma 3.2.
Theorem 3.4. Let k be an algebraically closed field of characteristic p > 0 and
be a Kummer cover of P 1 k defined k with the roots of polynomial f ∈ k[x] having order less than n. Let ω i,j be given by (2.4), and polynomials f i,0 , . . . , f i,p−1 be defined by decomposition (3.2). Then
Proof. (after [12] ) By equality (3.1), y
for all 0 ≤ j ≤ p− 1, since the leading term of f i, (−di−1)/p p comes from the leading term of h rnk,i .
Rank of the Cartier operator
In proving Theorem 1.1 we will require the following technical result. 
Proof. Further, we assume, without loss of generality, that none of f i are zero, and that deg(
be the greatest common divisor of f 1 , . . . , f i , i.e., the monic polynomial satisfying (h i ) = (f 1 , . . . , f i ). Also define vector subspaces We proceed by induction. Obviously, dim(V 1 ) = m. In addition,
There exist nonzero polynomials u and v of lowest degree such that
v with h i /h i+1 and f i+1 /h i+1 being relatively prime polynomials. By the minimality condition imposed on the degrees of u and v, these polynomials are constant multiples of f i+1 /h i+1 and h i /h i+1 , respectively. The space
intersects space V i trivially, since otherwise there would exist a nonzero polynomial g of degree less than that of v such that f i+1 g ∈ V i ⊂ (h i ), which would be a contradiction. If deg(v) ≥ m, then subspaces
and we are done. On the other hand, if deg(v) < m, then
the last equality following by induction on i and telescoping of the degrees. In addition, h i+1 , which is a constant multiple of vh i , lies in V i+1 . If the latter outcome holds for every 1 ≤ i ≤ r, then
since h 1 = f 1 and h r = 1. , d σ(i) ), and the desired formula follows by direct sum decomposition (1.1).
